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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

ADVANCE RESTRICTED REPORT

TABLES OF STIFFNESS AND CARRY-OVER FACTOR FOR FLAT
RECTANGULAR PLATES UNDER COMPRESSION

By W. D. Kroll
SUMMARY

Tables of stiffness and carry—over factor are pre—
sented for infinitely long flat plates subjected to a
uniformly distributed longitudinal compressive load. The
tables are intended for use in solving problems in the
stabillty of structures composed of plates under com—
pression,

INTRODUCTION

The method of moment distridbution, originally de—
veloped by Hardy Cross (reference 1) as a convenient
means of stress analysis, was extended (reference 2) to
solve problems in the stability of bars under axial load.
For efficient use of the method, tables of stiffness and
carry—over factor for bars in tension and compression
were prepared and published in reference 3,

The userulness of the method of moment distribution
in dealing with problems in the stability of bar struec—
tures suggested that the method be extended %o apply to
problems in the stability of plate structures. As struc—
tures made up of thin plates increase in complexity,
rigorous application of the classical theory for the
buckling of thin plates becomes more and more cumbersome,
and a more practicable method of dealing with such prob—
lems becomes desirable. By suitable extensions of the
Befinitions of quantities as used in reference 2 in the
method of moment distribution, the entire group of formu—
las and relations associated with this method may be re—
tained intact for direct application to plate structures.
(See reference 4.)



In order to apply the method of moment distribution
to problems in the stability of plate structures, it is
necessary to know the stiffness and the carry—over factor
of 2 rlate under compression, for various conditions of
edge support and restraint. Tables of thsse quantities
have been prepared and are presented in this report.

SYMBOLS

E nodulus of elasticity

i nondimensional coefficient that takes into account
reduction of modulus of elasticity fur stresses
above the elastic range. Within the elastic
range, 17| = l; above the elastic range, nN < 1
(see reference 5),

1 Poisson'!s ratio
b wldth of plate

t thickness of plate

r Et®
D Tlexural stiffness of nlate l———-~——~—]

D effective flexural stiffness for stresses above
=2
. Bt
elastic range { 0 ]
12(1 — p®)
o longitudinal compressive stress in plate
k *—*E—é o]
=D

A+ half wave length of buckles in longitudinal direction
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The symbols used to designate the stiffness and
carry=pyer factor for the different types of support and

restraint at the far edge are given in the following
table:

Stiff{ness |Carry—over Conditions at far edge
factor

S C Far edge supported and fixed agains?
rotation

sl cl Far edge supported and elastically
restrained against rotation

sii il =0 Far edge supported with no restraint
against rotation

sIil cIll = ¢ Far edge free (no support and no
restraint against rotation)

SIv CIv = —1 Far edge supported and subjected to

sinusoidally distributed moment

| equal and opposite to moment applied
| | at near edgs

The quantitiecs SI, CI, SII, and CII of this paper
correspond to the guantities S', C!', S*!1  anddC8ii re—
spectively, in reference 2.

DEFINITIONS

Stiffness and carry—over factor.— The solution of
the differential equation for the critical compressive
stress of an infinitely long plate with given edge re—
straints reveals that, when the plate buckles, the mo—
ments and the rotations at both edges of the plate vary
sinusoidally along the edges and are in phase with each
other. The ratio of moment per unit length at any point
along the edge to the rotation at that point is there—
fore constant along the edge for a given wave length.




From these considerations, it is possible to write the
following definitions of stiffness and carry—over factor:

Stiffness: If an infinitely long flat plate is
under longitudinal compression, with one unloaded edge
on an unyielding support, the ratio of moment per unit
length at any point along thibs unloaded edge to the ro—
tation in quarter—radians at that point when the moment
is distributed sinusocidally is called the stiffness of
the plate.

Carry—over factor: The ratio of the moment per unit
length developed at any point z2long the far unloaded edge
to the applied moment per unit length at the correspond-—
ing positicn along the near unloaded edge is called the
carry=over factor of the plate.

The foregoing definitions make it possible to use
for plates stiffnesses and carry—over factcrs exactly
analogous to thcse used for bars (references 2 to 4).
The particular definitions of stiffness and carry—over
factor depend upon the conditions of support and the
amount of restraint against rotation at the far edge.

Tables I and II do not give directly the values of

stiffness, but of stiffness divided by a factor D/b,
to De defined presently. The actual stiffresses are
therefore obtained by multiplying the values in the
tables by D/b, The value of C is read directly from
the tables,

Sizn convention.— A clockwise moment acting on the

edge of a plate is pesitive., 4 rositive moment acting
at a point along the edge of a Plate produces positive
rotation of the plate at that point.

TABLES

Formulas Used in Calculation

The quantities S/(D/v), sII/(T/v), sIII/(F/v),

SIV/(ﬁ/b), and C are tabulated in table I against k
for various values of the parameter A/b, the ratio of
the half wave length of the buckles to the width of the
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plate. The quentity SIII/(D/v) 4is given only for
values of A/b greater than unity and for values of k
that cover the range expected to be needed in the solu—

11T ;,=
tion of practical problems. The gquantity SLI*/(D/b)
for values of A/b other than those in table I is given

in table II., The stiffness £ and carry-over factor €Y

that apply when the far edge of the plate is elastically
restrained are dependent on the restraint of the far edge
and can be computed by the formulas given in reference 4.
The formulas used in the calculation of the tables are

o @, B i B) _ (s @ _ B oy B)
£ tanh & + £ ) - (& ne B
o - <2 an 5 5 tan 2/{ zvcoth 5 5 cot 5 (13
] (o]
% tomh & + B tom B) 4+ (& @ _ B o B)
(2 anh = + 2 t z ) 5 coth 5 5 cot 2
2 )
. aY 4 (8
st 2/ + \2/ (2)
= 5
D/p & tanh & + 8 tan B2 n & 8 B
/ > tan P tan 5 + 5 coth ) 5 cot 5
gII
s _ DJ/v (
5/ 1~ c=® 3)
st

 m——— A

5/ 1o (4)
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Accuracy

In order to obtain values accurate to the number of
significant figures given in the tables, the computatioas
were made by using either eight or ten significant fig—
ures, In certain instances the computations invelved
the use of rather small differences of large numbers,
which reduced the accuracy of some of the final values
to five significant figures. Equations (1), (2), and (3)
were used in the form and order given to calculate the
second, third, and fourth columns in table I. The fifth
column was obtained by squaring the second column. The
sixth column was obtained by squaring the fourth column
and multiplying by the fifth columnj the sixth column was
therefore made to depend upon all preceding columns. All
values were then tabulated to as many significant fig—
ures as were allowed by the computatiohs and the differ—
ences for the sixth column were studied. An independsnt
check was made for a series of values throughout the
tables as well as for values where errors were suggested
by irregular differences. After any necessary ccrrec—
tions were made, the values given in the seventh column
were computed. Differences for this column were then
studied and corvected where errors were noted by irregu—

lar differences. The values SIII/(E/b) ziven in table
II were computed from eguation (5) to the degree of ac—
curacy nreviously mentioned and were independently
ehecked for errors by the method of differences. Some
of these values are also included in tadble I.

Langley lemorial Aeronautical Iabvoeratory,
National Advisory Committee for Aeronautics,
Langley Field, Va.
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TABLE II.- VALUES OF g;EE
D/v
/v
x 1.1 1.2 1.5 2,0 2.5 3.0 3.2
0 1-3&22 1.2528 | 0.95033 0.63522 0.44808 0.329963 0.294961
o1 1.3561| 1.2196 «90613 | 5820 «39565 «282870 «250398
«2| 1.3239| 1.1822 85491 .Ei29s «33583 «230325 «201082
.E 1.2876] 1.1395 <7945 L6285 . 26686 171272 .1L6172
JH 1.2461) 1,0898 o722 « 35901 «18633 .104362 0846137
5| 1.1981! 1.0309 63277 | 25117 .090925 | .0278503| 0150727
6| 1.1414 .95955 S1946 | ,11522 | -,02U4141 | -.0605824| -.064170
o7 1.0728| 87059 036998 | -,062125| -.,16582 | -, 6#3#4 -.l 53287
o8 .98236 «75553 216225 | -430399 | -.34092 | -.286843 | -.26152
o3| 87698 059939 | -.14832 | -.65U77 | -.57893 | - 435109 | -.38675
1,0 o72718| 437293 | 466763 | =1.2117 | -.89832 | -,617863 | -.536820
1.)| +50957| 010451 | -1.7230| -2.236 -1.3612 | -.848965 | -,720072
1.2 .159Z3 -.67293 | -5,0776 | -L4.762 -2,0938 | -1,15085 | -,949081
1.1 ~¢50564 =2 , 4758 | mmmem—e | 221,305 | -3,4322 | -1.56237 | -1.20368
1.h-2,2122| -30,579 ~6.6670 | -2.15720 | -1.63712
105 —27'692" _25.7% -3'09 7 -2'18966
1.6 -4.78938 -2.02310
1.7 -8.79700 | -k, 42607
1.8/ -30.0586 | -7.28913%
/b 30’4’ 306 308 L“oo l"os 5‘0
k v
0.265047 | 04239315 0.217044 04197660 |0.158984 |0.130458
ol| 223038 «199809 179947 .162848 129284 | ,105025
o2 .1;6902 «1567< .1327;0 125348 +0976892 .0132332
% dlh, e | N Ml Sl b
[ ] L] [ ] L ] L [ ] .o 00
5| 00623704 .ogo§33193 -.oouogslo -.00694516 -.010561Z -,011522
6| —a06U8696 | -.0638370 -.0618006 | -.0592177 |=+0519895 |-.0U450F
7| -«145836 | -,1365502 ~-.125774 -.116603 -.056213 —.osgéégz
o8 -.23 886 |-.216386 -.197099 -+179911 |-.14U4843 (-,11861L4
9 -'26 723 | -.308436 -e277153 -250133 |-.197141 |-.159088
1.0| =.l69826 |- 414194 -«367680 -.328403 |-,25L0U6 |-.202375
lel| =.618U415 |=,537027 -.1+70926 -.1652 -e316217 |-.2u8785
1.2| -4797908 —.681515 -.58982L - 1613% - suugé -.29&Z 6
1e3| =1.01922 |-.854031 -.72828% -.6299 -.4596 -.352u64
1.4 -1.29907 -1.06372 -«891647 -.76111 -.2 997 [-4410633
15| -1.66450 |=1,32420 -1,08738 -.9140 =+635920 [-.473750
1.6 =2.16223 |-1.65666 -1,32626 ~1.09475 |-.740167 |-.54248L
1,7 -2.88050 |-2.09596 ~1.62456 -=1.31160 |-+857991 (=+617637
1.8 -4.0085 -2,70387 -2.00748 ~1.57675 |-.992254 |-,700159
1.9| -6.0389 -3,60108 -2,8176 ~1,90850 |[=1.14669 |-.791206
2.0/ =10.7175 |-5.05956 -3.23123 -2,33572 |=1,32626 (-,892188
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SIII
TARLE II.- VALUES OF ~—~—— - Concluded
Dh
A/b
6 8 10 15 20
k
o} 0.0921666 0.,0527543 0.0340397 0.0152524 10.00860406
. .0731585 «0412402 .0264110 «0117431 .00660609
2 .05341850 .0294648 .0186669 .00821033 | .00460053
3 .0328910 «0174189 .0108122 « 00465378 | .00258735
o4 .0115378 .00509280 .0028368%7 «00107323 | 000566493
5 -.0106976 -, 00752375 | -.00525943 | =-.00253159 }=.00146208
«6 -.0338725 -,0204414 -,0134795 -.00616093 |=-.00349841
7 -.,0580497 -, 0336714 -.0218264 -,00981505 |-.00554255
.8 -,0832973 -,0472256 -,0303031 -,0134942 -.00759455
9 -.109690 -,0611162 -,0389127 -,0171987 [-.009065444
1.0 -.137310 -,0753564 -.0476585 -.0209287 |-.0117223
1.1 -.166246 -,0899599 -.0565437 cneem e —. fheaeeeeeee-
1‘2 -.196598 “.104941 -.0655720 ---------------------
1.3 -.228474 -,120315 -.0747468 cemanemene rceceeeo--
l.4 -.261994 -+136098 «.0840718 | wowmcemeccn heccvcccce=-
l . 5 - e 297292 -e 152507 -0 0935509 ....................
1.6 -.334516 -,168960 103188 | ewccwccecee ke -
1.7 -, 373831 -.186075 «e]l12987 | mmwecccece hecccecccee-
1.8 -.415421 -.203673 -.122953 | eemaccecec= khoecccccana-
1.9 -.459493 -,221775 -,133089 T D T
2.0 -.506279 -e240404 =e143400 | momwecmccee hecccccce==
A /b
25 30 40 50
k
0 0.005513%92 0.00383188 0.00215698 0.00138093
o1 .00422803 «00293617 .00165162 .00105704
2 00293900 «00203895 .00114577 000732954
) .00164683 .00114020 .000639439 .000408670
.4 .000351509 .000239931 .000132625 .0000841882
S -.000946985 -,000661869 -.000374672 -.000240492
«6 -.00224866 -,00156520 -.000882457 -.,0005665372
o7 -.00355362 -,00247008 - ,00139073 -.000890451
.8 -,00486159 -,00337649 -.00189948 -,00121573
«9 -.00617288 -.00428445 ~-.,00240873 -,00154121
1.0 -,00748739 -,00519396 -.00291846 -.00186688




